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Abstract
The Weyl relations, the harmonic oscillator, the hydrogen atom, the Dirac equa-
tion on the lattice are presented with the help of the difference equations and the
orthogonal polynomials of discrete variable. This area of research is attracting more
interest due to the lattice field theories and the hypothesis of a finite space.
1 Weyl group on finite space
We defined the position space of dimension N with orthonormal basis
|0〉 =


1
0
0
...
0


, |1〉 =


0
1
0
...
0


, · · · , |N − 1〉 =


0
0
0
...
1


, 〈i | j〉 = δij
Similarly we construct an N-dimensional momentum space with ortonormal basis
|0〉 =


1
1
1
...
1


, |1〉 =


0
ω
ω2
...
ωN−1


, |2〉 =


1
ω2
ω4
...
ω2N−2


, |N − 1〉 =


1
ωN−1
ω2N−2
...
ω(N−1)
2


where ωN = 1, and 〈l | k〉 = δlk
Two operators acting on these spaces are defined as
A =


0 1 0 0 · · ·
0 0 1 0 · · ·
0 0 0 1 · · ·
· · · · · · · · · · · · · · ·
1 0 0 0 · · ·

 , B =


1
ω
ω2
. . .
ωN−1


, a, b ∈ Z
from which we construct Ua ≡ Aa, Vb ≡ Bb, a, b ∈ Z
On the position space, we have Ua |j〉 = |j − a〉 , Vb |j〉 = ωbj |j〉, (mod. N) and in the
momentum space Ua |k〉 = ωak |k〉 , Vb |k〉 = |k + b〉, (mod. N)
We can define the representation of vectors and operators as follows.
From the expansion in the momentum space
|F 〉 = 1
N
N−1∑
k=0
|k〉 〈k | F 〉 =
N−1∑
k=0
bk |k〉
we obtain the representation in position space
F (j) ≡ 〈j | F 〉 =∑ bkfk (j) (1)
wherefk (j) ≡ 〈j | k〉 = 1√Nωjk
Similarly, from the expansion in momentum space,
|G〉 = 1
N
N−1∑
k=0
|j〉 〈j | G〉 =
N−1∑
j=0
aj |j〉
we obtain the representation in momentum space
G (k) ≡ 〈k | G〉 =∑ ajfj (k) (2)
For the operators Va, Vb we have in position space
(UaF ) (j) = 〈j|Ua |F 〉 = F (j + a)
(VbF ) (j) = 〈j|Vb |F 〉 = ω−bjF (j)
and in momentum space
(UaG) (k) = 〈k|Ua |G〉 = ω−akG (k)
(VbG) (k) = 〈k| Vb |G〉 = G (k + b)
From (1) and (2) we construct a Finite Fourier transform
Fˆ (k) =
1√
N
N−1∑
j=0
Fjω
jk, Fj = 〈j | F 〉
F (j) =
1√
N
N−1∑
k=0
Fˆ (k)ω−jk, Fˆ (k) = 〈k | F 〉
The Weyl approach to Quantum Mechanics[1] is based in the properties of the opera-
tors A,B when the N-dimensional space becomes infinite.
Postulate I. There exist two parameter abelian group in an N-dimensional space whose
elements A and B satisfy
AB = ωBA , ωN = 1
As |j〉 = |j + s〉 Bt |j〉 = ωjt |j〉
Postulate II. In the continuous limit N →∞ we can identify
ω ≡ ei 2piN −→ eiξη, ξ << 1, η << 1
As ≡
(
eiξP
)s −→ eiσP , ξs→ σ
Bt ≡
(
eiηQ
)t −→ eiτQ, ηt→ τ
ωst ≡ eisξtη −→ eiστ
AsBt = ωstBtAs −→ eiσP eiτQ = eiστ eiτQeiσP
The justification of Postulate II lyes in the fact that in the continuous case the action
of the translation and multiplication operators is
Uσf (x) ≡ eiσP f (x) = f (x+ σ)
Vτf (x) ≡ eiτQf (x) = eiτqf (x)
which are equivalent to the relations of Postulate I. From these equations the interpreta-
tion of the operators P , Q is derived as the generators of the translations and multiplica-
tions operators.
2 The harmonic oscillator on the lattice
In the discrete case we take the Kravchuk polynomials k(p)n (x,N) with x = 0, 1, 2, · · ·
N − 1, [2] and for the normalized functions the Wigner functions, that appear in the
representation of the rotation group, djmm′ (β)
(−1)m−m′djmm′ (β) = d−1n
√
ρ (x)k(p)n (x,N)
with N = 2j m = j − n m′ = j − x p = sin2β
2
, q = cos2
β
2
After substitution in the fundamental formulas for the orthogonal polinomials we get
[3] for the creation and annihilation operators
√
pq (n + 1) (N − n)djj−n−1, j−x (β) =
= p (N − x− n) djj−n, j−x (β) +
√
pqx (N − x+ 1)djj−n, j−x+1√
pqn (N − n+ 1)djj−n+1, j−x (β) =
= p (N − x− n) djj−n, j−x (β) +
√
pq (x+ 1) (N − x)djj−n, j−x−1 (β)
The last equations can be written down in terms of the new parameters
1
2
sin β
√
(j +m) (j −m+ 1)djm−1,m′ (β) = sin2 β2 (m+m′) djm,m′ (β)+
+1
2
sin β
√
(j −m′) (j +m′ + 1)djm,m′+1 (β)
1
2
sin β
√
(j −m) (j +m+ 1)djm+1,m′ (β) = sin2 β2 (m+m′) djm,m′ (β)+
+1
2
sin β
√
(j +m′) (j −m′ + 1)djm,m′−1 (β)
The creation and annihilation operators are connected with the raising and lowering
operators for the spherical harmonics Yjm. In fact, from the connection between d
j
mm′ and
Yjm, we get
AYjm =
1√
2j
√
(j −m) (j +m+ 1)Yj,m+1 = 1√
2j
J+Yjm
A†Yjm =
1√
2j
√
(j +m) (j +m+ 1)Yj,m−1 =
1√
2j
J−Yjm
In order to make more transparent the connection between the creation and annihi-
lation operators with the raising and lowering operators of the spherical harmonics, we
take the commutation and anticommutation relations of the former operators.
[
A,A†
]
djmm′ (β) =
(
1− n
j
)
djmm′ (β)
wich in the limit j → ∞ goes to[
a, a†
]
ψn (s) = ψn (s)
Similarly (
AA† + A†A
)
djmm′ (β) =
{
(2n+ 1)− n
2
j
}
djmm′ (β)
which in the limit j →∞ goes to(
aa† + a†a
)
ψn (s) = (2n+ 1)ψn (s)
If we multiply both sides by h¯ω/2 we obtain the eigenvalue equation for the hamilto-
nian.
The interpretation of this model can be taken from the quantum harmonic oscillator.
The energy levels are equally distant by the amount h¯ω and are labelled by n =
0, 1, 2, · · ·∞. In the quantum harmonic oscillator of discrete variable we have also the
discrete eigenvalues of the hamiltonian connected with the index m = j−n of the Wigner
function djmm′ (β).
These values are equally separeted but finite (m = −j, · · ·+ j). Similarly the eigenval-
ues of the position operator A+A+ are also discrete and connected to the index m′ = j−x
of the Wigner functions but finite (m′ = −j, · · · ,+j).
The integer numbers x = 0, 1, · · ·2j are related to the quantity x = αs where s is the
continuous variable and α =
√
Mω/h¯. Since x is a pure number and s has the dimension of
a length, the spacing of the one-dimensional lattice is equal to 1/α =
√
h¯/Mω. Therefore
the Planck’s constant h¯ play role with respect to discrete space similar to the role with
respect to discrete energy values.
3 The Hidrogen atom in the lattice
We start from the difference equation for the Meixner polynomials, the limit of which
goes to the Laguerre polynomials in the continuous case. For the normalized Meixner
polynomilas M (γ)n (x) = d
−1
n
√
ρ (x)mγn (x) we get the following difference equation [3]
√
µ (γ + x) (x+ 1)Mn (x+ 1) +
√
µx (x+ γ − 1)Mn (x− 1)−
− [µ (x+ n + γ)− n+ x]Mn (x) = 0
For the Hidrogen atom in the continuous case one takes as the solution of the reduced
radical equation the wave function
ψ2l+1n (s) =
√
ρ1 (s)L
2l+1
n−l−1 (s) , ρ1 (s) = sρ (s)
where ρ (s) is the weight function. In the discrete case we take the wave function
Un (x) = d
−1
n
√
ρ1 (x)M
γ
n (x) , ρ1 = µ (x+ γ) ρ (x)
The difference equation now reads:
√
µ (x+ 1)
x+ γ + 1
Un (x+ 1) +
√
µx
x+ γ
Un (x− 1)− µ (x+ γ) + x
x+ γ
Un (x) = (µ− 1)nUn (x)
x+ γ
This equation is of Sturn-Liouville type, from which an orthogonality relation can be
derived: ∞∑
x=0
Um (x)Un (x)
x+ γ
= 0, if n 6= m
We can construct also raising and lowering operators for the normalized Meixner
functions. We get
L+Un (x) =
√
µ (γ + n) (n− 1)Un+1 (x) = µ (x+ n+ γ)Un (x)−
√
µx (x+ γ)Un (x− 1)
L−Un (x) =
√
µn (n + γ − 1)Un−1 = µ (x+ γ + n)Un (x)−µ (x+ γ)
√
x+ 1
x+ γ + 1
Un (x+ 1)
The action of these operators is to create or annihilate a new state the eigenvalue of
which (with respect to the energy operator) is increased or decreased by unity.
4 Dirac and Klein-Gordon equation on the lattice
From the Dirac equation in momentum space (γµpµ −m0c)ψ (p) = 0 we can construct
the wave equation in position space with the help of the Fourier transform. We define the
following difference operators
∆f (j) = f (j + 1)− f (j) , ∆˜f (j) = 1
2
{f (j + 1) + f (j)} ,
∇f (j) = f (j)− f (j − 1) , ∇˜f (j) = 1
2
{f (j) + f (j − 1)} ,
and the partial difference operators with respect to a function of several discrete variables
∆νf (jµ) = f (jµ + δµν)− f (jµ) ,
∆˜νf (jµ) =
1
2
{f (jµ + δµν) + f (jµ)} ,
and similarly ∇νf (jµ) and ∇˜νf (jµ).
From these operators we construct
δ+µ ≡
1
ε
∆µ
∏
ν 6=µ
∆˜ν , δ
−
µ ≡
1
ε
∇µ
∏
ν 6=µ
∇˜ν ,
η+ ≡
3∏
µ=0
∆˜µ , η
− ≡
3∏
µ=0
∇˜µ .
From the Fourier transform we can derive the wave equation in lattice space.
The kernel of the transform satisfies:
1
ε
∆µ exp (2pii (k.j) ε) = i
2
ε
tan (pikµε) ∆˜µ exp (2pii (k.j) ε)
We could apply the Fourier transform to the Dirac equation in momentum space and
we would obtain the discrete wave equation. Instead we postulate a difference equation
that in the limit goes to the continuous differential equation, namely,(
iγµδ+µ −m0cη+
)
ψ (jµ) = 0.
The kernel of the Fourier transform or “plane wave” is a particular solution of this
equation if it satisfies(
γµ
2
ε
tan pikµε−m0c
)
η+ exp 2pii (k · j) ε = 0.
Applying the operator γµ 2
ε
tanpikµε+m0c from the left to the last equation we obtain
4
ε2
(tan pikµε) (tan pikµε)−m20c2 = 0,
which is the integrability condition for the solution of the wave equation.
Applying to the wave equation the operator iγµδ−µ + m0cη
− from the left we obtain
the discrete version of the Klein-Gordon equation in the lattice space(
δ+µ δ
µ− −m20c2η+η−
)
ψ (jµ) = 0
a particular solution of which is again the “plane wave” provided the integrability condi-
tions is satisfied.
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